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1. Introduction 

During the last two decades, there has been an extensive literature 
concerning linear quadratic regulator (LQR) problems for infinite dimensional sy 
stems which involves unbounded input operator in the evolution equation 
and/or unbounded output operator in the quadratic cost functional (see [1], [5], 
[17], [19], [22], [23], and [25] and the references cited there, for surveys of the 
recent results). The optimal control to LQR-problem is given by a feedback 
form involving the solution of Riccati equations. Thus, the main issue in this 
subject has been the study of existence and uniqueness of solutions of Riccati 
equations. The paper by Banks and Burns [2] followed by Gibson’s result [9] 
have addressed the computational aspects of LQR problem for infinite 
dimensional systems using the approximation results of semigroups. 

This paper intends to develop an alternative approach based on 
Chandrasekhar-type equations [4], [15]. In [13], we have considered LQR 

problem for systems with bounded input and output operators and derived the 
Chandrasekhar equations for optimal feedback gain operators. Moreover, the 
form of the Chandrasekhar equation allowed us to obtain differentiability 
results for solutions to the associated Riccati equation and the optimal control 
in time. 

The purpose of this paper is to extend the results in [13] to systems 
with unbounded input and output operators. Recently, Pritchard and Salamon 
[22] have introduced a framework based upon semigroup theory for LQR 
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problems involving unbounded input and output operators, which we shall 
describe in Section 2. Within the framework in Section 2, we show the 

existence, uniqueness, and differentiability results for solutions of the 
Chandrasekhar equation in Section 3. A number of examples which can be 
handled by the results in Section 3 are discussed in Section 4. In Section 5, 
we state the corresponding results for an important class of problems which 
cannot be covered by the main result; e.g., the evolution system with delays in 
control and the parabolic and hyperbolic systems with Dirichlet boundary 
control. 

The computational aspects of the Chandrasekhar algorithm have been 
studied in [3] where the input and output operators are bounded. An extension 
of such a study for unbounded operator case will be reported in the 
forthcoming paper. 

Throughout this paper, the symbol (') will be used to denote dual 
operators and dual spaces [28] and the dymbol (*) will denote the Hilbert space 
adjoint. For Hilbert spaces X and Y , we shall denote by C s (a,b;£(X,Y) ), 
the set of all mapping t — * F(t) € £(X,Y) on [a,b] such that F(t)x is 
strongly continuous for any x € X . 
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2. A Basic Framework for Systems with Unbounded 
Input and Output Operators 

Assume H , U , and Y are Hilbert spaces, and we identify them 

with their duals. In a formal sense, our basic model [10], [25] is 

d 

— x(t) = ^x(t) + Su(t) , x(0) = x 0 

( 2 . 1 ) 

y(t) = Cx(t) 

where u € L 2 (0,T;U) , y € L 2 (0,T;Y) . A is the infinitesimal generator of a 
strongly continuous semigroup S(t) on the Hilbert space H with domain 
D(A ) C H . Here, 

flU C D(A*)' and D{A) C £>(C) 

where D(A*) is the Hilbert space equipped with graph norm and 

D(A*) C H C D(A*Y . We interpret equation (2.1) in the mild sense: the 

solution of (2.1) is given by 

t 

(2.2) x(t) = S(t)x 0 + J S(t - s) flu(s) ds 

o 

Since S(t) can be extended as a strongly continuous semigroup on D(A*) ' 
[14], [24], x(t) is a D(A*)' -valued continuous function. 

Moreover, as in [22], we assume the following to discuss the problem 
involving possible unboundedness of the operators B and C : B € £(U,V) 
and C € E(W,Y) where W and V are Hilbert spaces such that 


W C H C V 
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with continuous dense injections k: W — * H and H — * V . In order to 
make the expression (2.2) precise and to allow for trajectories in all three spaces 
W , H and V , we assume the following hypothesis: 

(HI) S(t) is also strongly continuous semigroup on W and V , which means 
that there exists strongly continuous semigroups S w (t) and S v (t) and 
W and V , respectively , satisfying 

S(t)kx = kS w (t)x for x G W 

and 

S^t)*x = JS(t)x for x G V . 

Thus y if i = jek , the continuous dense injection from W into V , 
then 

iA w x = A y ix for x G Dy^A^) = {x G W, A w x G W} . 

The subscript for the underlying Hilbert space will be omitted when 
understood from the context. 


(H2) 


For any u G L 2 (0,T;U) 

T 

J S(T - s)Bu(s)ds € i(W) 
0 

and there exists a positive constant 
T 

i* 1 f S(T - s),ffu(s)ds 
J o 


b such that 
w * b H U I|l 2 (0,T;U) • 


(H3) 


There exists a positive constant c such that 
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|| CS (t)x ||l 2 ( 0>T;Y ) 4 c ||* x ||v for x € W . 

(H4) Suppose Z = D^A) c W with a continuous dense embedding where Z 
is the Hilbert space D y (A) with the graph norm of A y on V . 

Remark. It has not been explicitly stated, but each of the embedding maps is 
an element into itself in the larger space. For example, if x € W , then 
ix = x € V . It follows from (H4) that Z) y (/1) is in the range of i . 

By duality 

V' C H = H' C W' 

with continuous dense embeddings [24]. Moreover, S 1 (t) is a strongly 
continuous semigroup on all three spaces V' , H , W' [28, p. 273]. The 
following duality results will play an important role. 

Theorem 2.1. The dual statements of (H2) and (H3) are given by 
(H2) 1 for every x € V ’ 

||B’S'(T - •)x|| L 2 ( 0T;U ) $ b|i'x|| w i , 

(H3 ) ' for every y( ) € L 2 (0,T;Y) 

f T S'(T - s)C'y(s)ds € i'(V') 

J o 

and 


(i 1 )* 1 ^0 S '^ T s)C, y( s ) ds lv’ ^ c ll y || l 2 (o,T;Y) • 
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Proof. (H2) implies that for every u € L 2 (0,T;U) there exists a z e W 
that 


T 

iz = f S(T -s)#u(s)ds 
J o 

and 


|| Z ||w * b || U ||l 2 (0,T;U) ‘ 

For x € V 1 


^iZ,X y I 


T 

<J S(T - s)Bu(s)ds,x> vv i 


= f T <B'S’(T -s)x,u(s)>„ds . 
J o u 


But since 


| <iz,x > vv 1 1 - |<z,i'x> w w i| < || z ||w II 1 ' x ||w • » 
letting u = S'S’(T - )x € L 2 (0,T;U) , we obtain 

J 0 | 5 ' S '( T ~ s > x ||u 5 h ll u II l 2 (o,T;U) H|w 

which shows (H2)'. 

Next, we shall show (H3) ^ (H3)' . Let y € L 2 (0,T;Y) 


such 


and 


x € W . Then 



-7- 


<y * CS ( T • ) x \ 2 (0,T;Y) 

= f T <y(s) ,CS(T - s)x > Y ds 
J o 

= J T <S ' (T - s ) C ' y(s) , x > w i w ds 
= <£ S ’ (T - s) C ' y(s) ds , x > w i w . 

The interchange of the integral and the duality pairing is justified since 
C' € £(Y,W’) implies that 

f T S'(T -s)C'y(s)ds € W’ for y € L 2 (0,T;Y) . 

J o 

Thus, from (H3) 

|<£ S'(T-s)C'y(s)ds,x> w , w | $ c||y|j L2(0>T;Y) ||ixj| v . 

(H3)' now follows from Remark 1.3.1 (v) in [24], Q.E.D. 

Let B ^ where J>[ = X(XI — /ly) 1 , X € p(.4y) on V . 

Note that B x e X( U,W) since Range(j][) = D y (A) C Range(i) by Remark. 

Thus, for X € p(A v ) 

f T S(T - s) Rvu(s) ds € W 
J o A 


is well defined on L 2 (0,T;U) . 



Theorem 2.2. For every u € L 2 (0,T;U) and X £ X Q 


£ S(T -s)fi x u(s)ds = i' 1 £ S(T -s)5u(s)ds . 


Proof. By the definition of By : 

S(T -s)B x u(s)ds = £ S W (T — s)i‘ 1 J x 5u(s)ds 

= i' 1 S v (T — s) J x Z?u(s)ds 
T 

= i' 1 J x S V (T - s) 5u(s) ds . 


A calculation shows that for z € W 

i(XI-^ w )‘ 1 z = (XI-/t v ) _1 iz , 


thus from (H2) 


S W (T -s)B x u(s)ds = XCXI-^'M- 1 jJs v (T-s)Bu(s)ds 
= i' 1 J^S V (T -s)Bu(s)ds . 

Q.E.D. 

Corollary 2.3. For each X > \ Q define the bounded mapping E x from 
L 2 (0,T;U) into L 2 (0,T;Y) by 



(S x u)(t) = C S(t — s)5 x u(s)ds . 

Then E x converges strongly as X — * 00 to t 
1 e £(L 2 (0,T;Y) , L 2 (0,T;Y)) is defined by 

(*u)(t) = Ci' 1 f T S(T — s)5u(s) ds . 

J o 

Proof: Since converges strongly to the identity as X — * «® 

Theorem 2.2 implies that 


(E x u)(t) — * (Eu)(t) strongly, for each t € [0,T] . 


In addition 


||(*x u )(t)|| y - ll c ll I(WiY) iTlrw b ll“ll Li(0 , TiU) ■ 

Thus, the corollary follows from the dominated convergence theorem. 


Corollary 2.4. £ x converges strongly to t* as X — * 00 


Proof: It can be shown that 


where 


in W , 


Q.E.D. 


(£*y)(t) = B'(i')- 1 J t T S'(s-t)C'y(s)ds 
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and 


( £ \y)(t) = B'iJlyd ’)- 1 J t T S’(s-t)C’y(s)ds . 

The result follows from Theorem 3.1 and arguments similar to those in the 
proof of Corollary 2.3. 
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3. Main Results 

Consider the optimal control problem: minimize the quadratic cost 

functional 

(3.1) J T [|Cx(t)| 2 + |u(t)| 2 ]dt 

*o 

subject to 

ix(t) = S(t-t Q )ix + J* S(t -s)fiu(s)ds . 

*o 

Note that by using (HI), (H3) and the density of i(W) in V , one can show 
that the operator CS(- - t Q ) mapping W into L 2 (t 0 ,T;Y) has a unique 
continuous extension to all of V , and it will be denoted by M . That is 


(3.2) Mx = CS( -t 0 )x for x€W 

and M € f (V,L 2 ,(t 0 ,T;Y)) . Now the problem (3.1) can be equivalently stated as 
follows 


(3.3) 


Minimize .Hujrtn.T]) = ||Mx + full + 

10 11 il L 2 (‘ 0 .T;Y) 


2 

L 2 (t Q ,T;U) 


over u e L 2 (t Q ,T;U) . The unique solution u° to (3.3) is given by 


(3.4) 


u° = - (I + f’f)- 1 f*Mx 
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and 


min J(u) = J(u°) = <(I + XI*)' 1 Mx,Mx> . 

Consider the Xth approximate problem of (3.3): 

(3.5) minimize J x (u) = ||Mx + £ x u| + IMf 

over u e L 2 (t Q ,T;U) . This problem is well posed as a class of problems 

discussed in [13] for x = iz , z € W . It means that z(t) is the mild 

solution to the evolution equation in W 

z (t) = Az(t) + fl x u(t) , z(t 0 ) = z€W 

where i? x € E(U,W) and C € 1(W,Y) , and A is the infinitesimal generator 
of a strongly continuous semigroup S(t) on W . Hence from Theorem 3.1 in 
[13] if n x (t) , t $ T is the unique self-adjoint, non-negative definite solution 
of the Riccati equation: 

d 

— <n x (t)z,z> w + 2C4z,n x (t)z> w 

= <fi x n x (t) z,5 x n x (t) z>y + <Cz,Cz> = 0 

for all z e £> W C4) and n x (T) = 0 , then the optimal solution u x to (3.5) 
(where x = iz ) is given by 
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(3.7) u x = -B;n x (t)C/ x (t,t 0 )x . 

For all z € W and t € [t 0 ,T] 

(3.8) <n x (t)z,z> w = |ct/ x (T,s)z|* ds 

where C7 X ( - , - ) is the perturbed evolution operator of the semigroup S(t) on 
W by -£ x £ x n x (t) , which means that 

(3.9) U x (t , s) z = S(t - s) z -J t S(t-o)B x fi x n x (o)(7(0,s)zdo 

for z € W and 0 t s H t T . Note that (e.g., see [5], [9] and by definition 
of M and £ x ) for z € W and t Q $ T 

(3.10) n x (t 0 ) = J T S*(s-t 0 )C*(Mz+ £ x u x )(s)ds . 

l o 

On the other hand, problem (3.5) is also well posed for x e V , and 
the optimal solution u x is given by 

(3.11) u x = -(I + fyy)- 1 X x Mz . 

If j denotes the canonical isometry from W onto W' , then for z € W , 
(3.10) becomes 
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T 

(3.12) jn x (t 0 )z = J S'(s -t 0 )C'(I + Mz(s>ds 

‘o 

where 

Mz + £ x u x = Mz - X X (I + 

= Mz - (I + £ X S X )' X * x f x Mz 
= (I + * x Z^Mz 

we have used 

jS*( )z = S'(-)jz , zew 

and 

jC*y m c * y , y e Y . 

Moreover, 

( 3 - 13 ) min J x( u > iz ) = <n x (t 0 )z,z> w = <jn x (to)z,z> w » fW 

and 0 $ min J x (u,iz) 5 0||iz||y for some positive constant 0 (independent of 
X and t 0 ). From Theorem 2.1, jn x (t 0 )z € i'(V') , z € W . It then follows 
from the definition of M that there exists an operator n x (t Q ) in £(V,V') 


such that 
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(3.14) J n \(t 0 ) z - i'n x (t 0 )iz , z € W 


From (3.12) and (3.13) 

(3.15) <n x (t 0 )z,z> w = <n x (t 0 )iz,iz> « e||iz|| 2 


for z € W . Since n x (t Q ) is self-adjoint on W and (V 1 ) 1 = V ; 


*(V,v’) 


4 B 


and 


n. 


<<*o> 


is summetric 


in the sense that n x (t 0 )' = n x (t Q ) . 

We now have the following lemma. 


Lemma 3.1. If u° and u x are defined by (3.3) and (3.7) respectively, then 
u x converges strongly to u° as X —* 00 in L 2 (t Q ,T;U) for all x € V , and 
the convergence is uniform in t Q € [0,T] . 

Proof: Since 


(I + - (I + J^)- 1 

= (I + £ x f x )- 1 (£ x £ x - £*£) (I + t'Z)- 1 

and ||(I + r* x r x )- 1 || $ 1 uniformly in X , it follows from Corollaries 2.3 and 


2.4 that 
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(I + — (I + Z**)' 1 strongly. 


The lemma results from (3.3) and (3.7). Q.E.D. 

Define the evolution operator f/(t,t 0 ) , 0 H 0 U ^ T on V by 

(3.16) U( t,t 0 )x = S(t-t 0 )x + J‘s(t-s)fiu° (s) ds , 

t Q o 


where u° is the optimal solution to (3.3) in the interval [t n ,T]. Then the 
*0 

following theorem holds. 

Theorem 3.2. 

(i) £7(t,t) = I , t € [0,T] . 

(ii) U(t,s)U(s,t 0 ) = U(t,t Q ) for 0 < t 0 < s < t < T . 

(iii) U( t,t Q ) is jointly continuous in t and t Q on V, H, and W, respectively. . 

(iv) The operator z€W — * CU( T, )z € L 2 (0,T;Y) has a continuous extension 
to all of x € V . 


Proof: Property (ii) follows from the principle of optimality; i.e., if u° is the 

optimal solution to (3.3) on the interval [t 0 ,T] , then for t 0 < s « T , u°x [s>T] 
is the optimal solution to (3.3) on the interval [s,T] with initial condition 
x°(s) = U{ S,t 0 )x . 
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Note that for z € W 


it/(t,t 0 )z = S(t-t 0 )iz + J* S(t - t 0 )fiM tQ (s)ds . 
For property (iii), from (HI) it suffices to show that for x € V 
i" 1 [‘sa -s)Bu°(s)ds 


is jointly continuous on W . The continuity with respect to t 0 follows 
(H3) and the fact that u° Xj tQ x j( - ) is strongly continuous in L 2 (0,T;U) 
order to show the continuity in t , first let At £ 0 . Then 


f t+ * S(t + At - s) Bu° (s) ds - f‘ S(t - s) Bu° (s) ds 
Jt o 0 ‘o 0 

= (S(At) - I ) f‘ S(t - s) Bu° (s) ds + f t+At S(t + At - s) Bu° (s) ds 

J t„ n z o 


and we then obtain 


(3.17) 


ic-di 


'w 


(S(At) — I )i _1 J. S(t -s)Bu° (s)ds 

+ b 

»? 


w 



L 2 (t,t + At;U) 


from 
. In 
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The first term on the right-hand side of (3.17) goes to zero by the strong 
continuity of S(t) on W , and the convergence to zero of the second term is 
a standard analysis result. The proof for At $ 0 is similar. 

Property (iv) follows from the above result and (3.2). Q.E.D. 

Now we can state the extended result of Theorem 3.1 in [13]. 

4 

Theorem 3.3. n x (t 0 ) converges strongly to a symmetric operator n(t Q ) in 

£(V,V ') and the convergence is uniform in t Q € [0,T] . Moreover, for x € V 


min J(u , x) = <n(t 0 )x,x> v t v 



ds . 


Proof: It follows from (3.12) and (3.14) that 


i'n x (t 0 )x = J T S'(s-t 0 )C'(Mx+ £ x u x )(s)ds . 
‘o 


Thus, from Theorem 2.1, Corollary 2.3, and Lemma 3.1 we have 


lim i'n x (t 0 ) = i'n(t 0 )x 

XT® 

= J T S'(s -t 0 )C'(Mx + £u°)(s)ds 
‘o 

and the convergence is uniform in t Q € [0,T] . From (3.9) and Theorem 2.2, 
we have that for z € W 
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f/ x (T,t 0 )z » S(T-t 0 )z + jWj-i J T S(T -s)5u x (s)ds . 

‘o 

It then follows from Lemma 3.1 and the fact that J^z — * z (strongly) in W 
as X — ► 00 , that for each t Q $ T 

(3.18) C/ x (T,t 0 )z — * C/(T,t 0 )z strongly in W . 


Since 


iW 


and 


|u x || are uniformly bounded in X and t Q e [0,T] 

lL 2 (to.T;U) 


dominated convergence theorem implies that 


CC/ x (T, )z -* C£/(T, )z in L 2 (0,T;Y) . 


Thus, from (3.8), (3.15) and the convergence of n x (t 0 ) to n(t 0 ) we obtain 
that for z € W and t 0 $ T 


<n(t 0 )iz,iz> v , y 



ds . 


The desired result now follows from (iv) of Theorem 3.2 and the density of 
i(W) in V . Q.E.D. 


Theorem 3.4. n(t) € C g (0,T;£(V,V ’)) . 

Proof: For the moment, let us indicate the dependence on t 0 of the operator 
M and t introduced for the optimal control problem (3.3) and write M, and 
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£. , respectively. It is easily verified that M X and £* are strongly 
*o *o *o *o 

continuous in t Q on [0,T] . Recall that for x € V 


<n(t Q )x , x > v i ^ v = min J(u;[t 0 ,T]) 



M x,M x> . 
*o *o 


Using arguments similar to those in the proof of Lemma 3.1, it can be shown 

that (I + £, £* ) _1 is strongly continuous in t n , thus it follows that 
'o o 

<n(t 0 )x,x > v . v is a non-increasing continuous function in t Q on [0,T] . If 
j v denotes the canonical isometry from V' onto V , then for x,y € V 

^ > y ^v = ^(^q) ^ > y * V 

= <X , n(t 0 )y )y y I 

= ^ •> jyH(Io^ y 

where we used the symmetry of n(t 0 ) . Thus, j v n(t Q ) is self-adjoint on V . 
It now follows from [16, p. 454, Theorem 3.3] that j v n(t 0 ) is strongly 
continuous in V for x e V . The result follows since j v is isometric. 

Q.E.D. 


Corollary 3.5. The optimal solution u° is given by 


(3.19) 


u°(t) = -R'n(t) f/(T,t 0 )x 
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where U( • , •) is the evolution operator on V defined by (3.16) satisfies 


(3.20) it/(t,s)z = S(t — s) iz - J k S(t- o)5fi’n(o)iC/(o,s)zdo 

for z e W and O^sUa. 

Proof: For z € W and u € U 

<B^z,u>u = <z,B x u> w 

~ <jz,i J I yy • 

If 


jzei'(V’) = <S , (jy) , (i ’)- 1 jz.u^ , 

thus B*^z - 2? X (J X ) '(* ')" 1 j z f° r J z e i'(V) . Note that (3.14) shows that 
jn x (t) € i ’ (V ’ ) and that 


B x n x (t)t/ x (t,t 0 )z = n x (t) iC/ x (t,t 0 ) z 

for z € W . By Theorem 3.3, (3.18) and the fact that (J^) — I on V' , we 
obtain 


— £'n(t)ii/(t,t 0 )z , 


z € W . 
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It then follows from Lemma 3.1 that 

(3.21) u°(t) - lim u x (t) - -5'n(t)it/(t,t 0 )z , z€W. 

Since (3.4) and the right-hand side of (3.21) depend continuously on x € V , 
(3.19) holds for all x e V and hence (3.20) follows from Theorem 3.2. 

Q.E.D. 

The form of the optimal control is often written as 

(3.22) u°(t) = -K(t)t/(t,t 0 )x 

where the operator K(t) = B'ri(t) € C s (0,T;£(V,U) ) is called the optimal gain 

operator. Recall that the operator CS(- - t 0 ) : W — *• L 2 (t 0 ,T;Y) has a 

continuous extension M on V (see, (3.2)). Thus, for each u € U 

o 

\ Bu € L 2 ( t o* T ; Y ) 

and if dim(U) is finite, this implies that 



M t ( )B 
c o 

*(U.Y) 

is square integrable 



on [t 0 ,T] . 

Define 

L(t) 

as the unique 

bounded extension 

of 

CU(T,t) : W 

— L 2 (0,T;Y) 

on 

V (see Theorem 3.2 

(iv)). Then we have 

the 


following result. 



-23- 


Theorem 3.6. Assume dim(U) is finite and let Z be as in (H4), Then 
K(t)x , x € V and L(t)z , z € Z are absolutely continuous on {0,T] in U 

and Y respectively. Moreover, K(t) and L(t) satisfy the Chandrasekhar 

equations: 


(3.23) 


— K(t)x = -B'L'(t)L(t)x , x € V 
dt 

K(T) = 0 


and 

— L(t)z = -L(t) (A -BK(t))z , z € Z 
dt 

(3.24) 

L(T) = C . 


Proof: From (3.20) we have 

L(t ) B = M, (t )B - Ci' 1 f T S(T -s)5K(s)C/(s,t)fids . 
z o J t 

Thus, from (H2) |L(t)F|| £(UY) is square integrable on [0,T] and so is 

|| (L(t)B )* | = ||B’L'(t)|| . By Theorem 3.3, for x e V and u € U 

<K(t)x,u>u = <B'n(t)x,u> 

= <n(t)x,Bu> v i v 
= <L(s)x,L(s)Bu> Y 


<J T (L(s)B)*L(s)xds,u> XJ . 
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This implies that 

(3.25) K(t)x = f T 5 , L’(s)L(s)xds 

where the integrand is U -valued integrable. The differential equation (3.23) 
for K(t) now follows immediately. 

Note that for z € Z , t — * {7(T,t)z is continuously differentiable in 

V and 

T 

(3.26) U( T,t)z— z= f f/(T,s) (A — £K(s))zds . 

If z e £> v (,4 2 ) , then A e Z C W and from (3.26) and the fact that ||L(t)BJ| 
is square integrable, 

CU( T,t)z - Cz = f T C17(T,s) (A — BK( s) ) z ds . 

•■t 

Since L(t) is the bounded extension of CU( T, •) : W — * L 2 (0,T;Y) and 
D V (A 2 ) is dense in Z , L(t) satisfied 


T 

L(t)z * Cz + f L(s) (A -J5K(s))zds , z€Z 


and the theorem follows. Q.E.D. 

The following theorem shows the uniqueness of solutions of (3.23) and 


(3.24). 
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Theorem 3.7. Assume dim(U) is finite. The equation ( 3.23 )-( 3.24) has a unique 
solution within a class of operators such that 

K( •) € C s (0,T;£(V,U)) 

and 

L(-)€C s (OJ;I(W,Y» n CL( )x € L 2 (0,T;Y) for all x6V) . 

Proof: Suppose (K , L) and (K,L) are solutions to (3.23)-(3.24). Then for 

z e Z 

— (L(t) — L(t) ) z = -L(t) (A -SK(t))z + L(t) (A — BK(t) ) z 
dt 

= -(L -L) ( A -5K(t))z + L(t)fl(K -K)z . 

Since dim(U) is finite, J|L( - || Y j is square integrable. Let us denote by 
t/( t,s) the evolution operator on V generated by A - BK(-) . Then, for 

X € V 

(3.27) L(t)x — L(t) x = f T L(s)fl(K(s) - K(s) ) C/(s,t) x ds . 

•>t 

From (3.23), for x € V , 

<K(t) x L (t)x , u >u 

= f T <(L(s)5 - L(s)fi) u,L(s)x> Y ds + f T <L(s)£u,L(s) - L(s) x>ds . 
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From (3.27), L — L € C g (0,T;X(V,Y) ) and thus this implies that for x € V 


K(t)x -K(t)x 

1 S J t || L ( S > X 


L(s)5 - 

- L(s)5 

ds 


'U * •* 

Y 



*(U.Y) 


L(s)x — L(s)x 


L(s)5 

1 ds , 



Y 


mv) 



or equivalently. 


(3.28) 


K(t)x - K(t)x 


u 


*P 2 

S 2j o L(s)x ds ||l(s) 5 - L(s)f?i 


ds 


£(u,y) 


r 

J o 


L(s)5 

2 f T|| a 

j L(s)x — L(s)x 


*(U,Y) ‘ 11 


ds . 


Similarly, (3.27) yields that 


L(t) — L(t) 

< m’m 2 j 

,T K(s) - K(s) 


JC(V.Y) 

t 


2 

*(V,U) 


ds 


where 


= max £/(s,t) 

OSsStST " "E(V) 


T A 

and M„ = f L(s)f? 
* 


ds 


Thus, (3.28) implies that 


K(t) — K(t) 


! £(V,U) 


« j^2M 


3 


5 


+ 2M, 


^(U.V) 


■) a 


L(s) -L(s) 


ds 


'Z(v.Y) 


where 


Hence, the result follows from GronwalPs lemma. 

By [10, p. 109, Corollary 2.10] we have that if t 
absolutely continuous on [0,T] , then the function 

v(t) = f S(t — s)f(s)ds € D V (A ) , t > 0 
J o 

satisfies the differential equation 
d 

— v(t) = /lv(t) + f(t) a.e. 

Thus using a similar argument to those in the proof of Lemma 4.2 in [13], one 
can show 

Theorem 3.8. Assume dim(U) is finite. Then, the evolution operator defined by 
(3.16) and (3.20) has the following properties: for z € Z and 0 ^ s U ^ T , 

t — * U( t,s)z € V is continuously differentiable, U{ t,s)z € Z and 

C/(t,s) z = ( A -£K(t))£/(t,s)z . 
ot 


Q.E.D. 

— f(t) € V is 


Corollary 3.9. For any x € Z , the optimal solution u° to (3.1) is absolutely 
continuous on [0,T] . 
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Proof. From Theorem 3.8, for x € Z , U( t,t Q )x € Z C W and 
t — * C/(t,t 0 )x € V is continuously differentiable. Thus from (3.22) and (3.25) 

u°(t) = ~K.(t)(y4 — 5K(t) ) C/(t,t 0 )x + 5'L'(t)L(t)C7(t,t 0 )x 
where we have used L( ) e C g (0,T;£(W,Y)) . Q.E.D. 
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4. Examples 

As shown in [22], the general framework in Section 2 applies to a wide 
class of problems; e.g., the neutral functional differential equation (FDE) with 
delays in quadratic cost [14], the parabolic partial differential equation (PDE) 
with Neumann or mixed type boundary control, and the retarded FDE with 

delays in control and quadratic cost. Thus, the results in Section 3 apply to 

these problems. 

The other example which can be discussed within the framework of 
Section 2 is the following: consider a retarded FDE in IR" with delays in 

control [6], [12], [27] 

x(t) = f T d/z(9)x(t + 0) + f°dB(0)u(t + 0) 

-r -r 

(4.1) 

x(0) = b, x(0) = $0) and u(0) = v(9), -r S 0 < 0 , 

where /z(-) and B( ) are n x n and n x m matrix valued functions of 

bounded variation which vanish at 0 = 0 and are left continuous on (-r,0) . 
Let us consider the linear quadratic optimal control problem; for given 

((7,<#>),v)e IR" x L 2 (-r,0;ff“) choose the control u € L 2 (0,T;IR m ) that minimizes 
the cost functional 

(4.2) J(u;[0,T]) = J T (|Cx(t)| 2 + |u(t)| 2 )dt 

•"o 

where C is a p x n matrix with p ^ n . 

Define a structure operator T on IR" x L^-r^lR") x L^-r.OilR") by 
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FK<fcv) = [o, J e - d KOm-e) + J e -dfi(Ov(? - 0 )j 
€ fP X L 2 (-r,0;R") . 

It is shown in [12], [27] that the function z(t) = F(x(t),x(t + -),u(t + •)) 
satisfies 


d 

— z(t) = AL z(t) + 52,u(t) in V 
dt 

where A T is the infinitesimal generator of a strongly continuous semigroup on 
H = IR" x L 2 (-r,0;IR n ) defined by 

D(A t ) = i(n,4>) € PP x L 2 |0eL 2 and n = 0(0)) 


and 


A T (m,4>) = jj°d*t T (0)0(0),0] € x L n for (0(0), 0) € Z)(^ T ) , 
i? T defined on D(A T ) is given by 


B T (m,4>) = J°d0 T ( 0)0(0) , 


and 


V = D(A t )' C H = H' C D(A t ) . 
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Then the cost functional (4.2) is equivalently written as 

J(u;[0,T]) = f T (|Cz(t)| 2 + |u(t)| 2 )dt 
•'o 

where C(n,0) = Cn,(n,<f>) € IR" x L 2 (-r,0;PT ) . If we take H = W = 
Iff 1 x L^-r^lR") and V = D(A T )' , then the conditions (HI), (H2)', (H3)’, and 
(H4) are satisfied (see Lemma 5.1 in [13]). By duality, hypothesis (HI) ~ (H4) 
are satisfied and thus the results in Section 3 apply to this example; i.e., the 
optimal control u° to (4.1)-(4.2) is given by 

u°(t) = -K(t)F(x°(t),x°(t+ -),u°(t+ •)) 

where x°(t) is the optimal trajectory of (4.1) corresponding to u° and the 
optimal gain operator K(t) satisfies 

d 

— K(t) = -B T L'(t)L(t)x , x € V 
dt 

K(T) - 0 

and 

j- L(t) = -L(t )(A± - fi|K(t))z , z e H 


L(T) = C . 
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5. Boundary Control Problems 

In this section, we discuss problems which cannot be handled by the 
results in Sections 2 and 3. The problems which will be disucssed can be 
formulated as the boundary control problem [7]; 


(5.1) 


d 

— x(t) = Ax(t) , x(0) = x € H 

dt 

Tx(t) = u(t) 


where A is a closed operator on a Hilbert space H and T is a linear 
operator from H onto the Hilbert space U and the restriction of T to 

dom(A) is continuous with respect to the graph norm of A . Define the 
associated operator A on H by 


D(A) = {x e dom(A) and tx = 0} 


and 


Ax = Ax for xeD(A). 

We assume that A generates a strongly continuous semigroup S(t) on H 
and moreover we assume that there exists a Green map G : U — 1 • dom(A) 
such that 


AGu = 0 and tGu = u for all u € U . 
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Then one can write (5.1) as the form of (2.1) and (2.2) [17]; 

(5.2) x(t) - S(t)x + f* S(t - s) ffu(s) ds in V 

J o 

where Bu = -v4Gu , u e U and V = Z>( A*)' . Since A € f(H,V) [24, 

Lemma 1.3.2], B u e V , u € U . We will discuss the following three cases of 
interests. 
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5.1 Evolution Equations with Delays in Control [11] 

Consider the control system with delays in control: 


(5.3) 


d 

— z(t) = A 0 z(t) + B 0 u(t) + A 01 u(t+ •) 
z(0) = z € H 0 and u(0) = v(0) , -r t 6 t 0 


where A 0 is the infinitesimal generator of a strongly continuous semigroup 
S Q (t) on H 0 and A 01 is a linear operator on L 2 (-r,0;U) defined by 

A 01 y = E B.y(0) + J°B(0)y(0)d0 

i=l ‘ r 

where -r = 0 fe < 0 kl < - 0 1 < 0 Q = 0 , Bj € £(U,H 0 ) , and B() € £(U,H) is 
strongly measurable and 0 — * ||B(0 )||^ uh j is integrable on [-r,0] . Let us 
consider the linear quadratic optimal control problem: for given x € H 0 and 
v € L 2 (-r,0;U) minimize the cost functional 


(5.4) 


j ( u,[o,-n) = £ [||cz(.)||’ * ||u(.)||’] 


dt 


where C € f(H Q ,Y) . 

Let y(t,0) = u(t + 0) , t > 0 and -r ^ 0 $ 0 , then one can write 
(5.3) as a boundary control problem (5.1): 


z(t) 




> 

O 

> 

o 

r. 


z(t) 


’ B o ' 


= 




+ 


. yw . 


0 D 




0 


d_ 

dt 


u(t) 
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y(t,0) = u(t) 

with H = H 0 x L 2 (-r,0;U) where 

Dy = 7zy ’ u € Lj(— r ,0;U) 
a o 


with domain 


Z)(D) = [y € L 2 (-r,0;U) | y is absolutely continuous and y e L 2 ) . 


It is shown in [11] that the associated generator A with domain 
D( A) = £>(A Q ) x £>(D 0 ) where Z)(D 0 ) = ly € 0(D) | y(0) = 0} , generates a 
strongly continuous semigroup S(t) on H and that 


—AGu = 


0 


5jU 


u € U 


where B^y = y(0) . 

Thus, one can write (5.3)-(5.4) as the control problem of (3.1) with 
V - D(A*)' x £»(D*)' , H = W = H 0 x L 2 (-r,0;U) , where 


D(D * 0 ) = (y€ 0(D) | y(-r) = 0} 


and 


D( Dj) C Lj C Lj C 0 (dJ)' . 
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For this example, one can show that (HI), (H2), and (H4) hold [11]. However, 
(H3) is not satisfied unless A 0 generates an analytic semigroup. Instead, we 
have the following properties. The solution semigroup S(t) on H is given 
by 


S(t) = 


s 0 (t) s 01 (t) 

0 Sjd) 


where for y € L 2 (-r,0;U) 


(S^OyM©) = y(t + 9)X ( _ r _ t) (9) , -r«8«0 


and 


S 01 (t)y = J* S 0 (t -sJA^S^y ds € H 


A calculation shows that for u € U 


S 01 (t)5 lU = I S Q (t + 9j) BjU + J° S 0 (t + 9) B(0)u d0 


i=X 


where S n () is defined by 


S 0 (t)z = 


S Q (t)z , t > 0 
0 , t < 0 


, Z€H 0 , 


and thus 
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(5.5) CS(t ) B = CS 0 (t)B 0 + CS 01 (t)B 1 € L"(0,T;S(U,H)) n C s (r,T; £(U,H) ) 


Let for X * 0 


*X - 


B n 


X^I-D^flJ 


Then By e E(U,H) . Thus, one can apply Theorem 3.1 in [13] to the system 
defined by the triple ( A,By,C ) and using Proposition 2.1, Lemmas 2.2-2.3, and 
Theorem 2.3 in [11], one can then obtain that for t 0 « T 


u° Q (t) = -B'n(t)£/(t,t 0 )x 


and 


T 2 

<n(t)x,x> H = J |cC/(T,s)x | ds for all x = (z,v)eH 

where the evolution operator U( t,s) is jointly continuous on 0 « s S t S T 

and satisfies 

(5.6) U( t,t 0 )x = S(t - t 0 )x + f S(t - s)£u° (s)ds , 

t Q o 


and B'( z,y) = B * 0 z + y(0) . Let L(t)x = CU( T,t)x for x e H and t S T . 

Recall that if for 0 H , t. and M. are in Sections 2 and 3, then 

0 r o o 

the optimal control u° on the interval [t 0 ,T] is given by 
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(5.7) 



x €H . 


Note that from (5.5), t 0 — » M^flu e L 2 (0,T;Y) * s st r <> n 8ly continuous for 

each u € U . Also from (5.5), t and are strongly continuous, which 

o o 

means that (I + £* £ t ) _1 E* is strongly continuous in t n (see the proof of 
l o l o 'o 

Lemma 3.1). It now follows from (5.5), (5.6), and (5.7) that L(t)5 is 
piecewise continuous in norm on [0,T] . Moreover, one can show that L(t)x , 
t $ T satisfied 


L(t)x = CS(T — t) x - f T L(s)BB’n(s)S(s -t)xds , x€H 

j t 

(see Lemma 5.4 for its derivation). 

Using arguments similar to those in the proof of Theorem 3.6, we 
obtain the optimal feedback gain operator K(t) = 2?'n(t) , t ^ T is given by 

T 

K(t) x = f (L(s)B)*L(s)xds 

J t 

and thus t — * K(t)x , x e H and t — *■ L(t)x , x € D( A) is piecewise 

continuously differentiable on [0,T] . As in Section 3, K(t) and L(t) 

satisfy the equations (3.23) and (3.24). 
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5.2 Hyperbolic Systems [18], [23] 

Consider the second-order hyperbolic system with Dirichlet boundary 

control: 

f 3 

y(t,0 + A 0 y(t,O = o , t, eft 

(5.8) ■ y(0, •) = y 0 and ~-y(0, •) = y , 

y(t,o) = u(t,o) , a € r 

where ft is an open bounded domain in IR" with smooth boundary r and 
A 0 be a second-order uniformly strong elliptic operator in ft . One can 
formulate (5.8) as the evolution of (2.1): 

d fowl [ 0 X 1 [ x il f 0 

— + u(t) 

dt L X 2 (t) J L A 0 °J L X 2 J 1^0°. 

where Xj(t) = (y(t,-) and x 2 (t) = (3/3t)y(t, •) and u(t) = u(t, •) , G is the 
Green map which satisfies 

(5.9) Gu | j- = u and A Q Gu = 0 in ft , 

and A 0 is defined by D(A Q ) = Hj(fl) n H 2 (0) and /l 0 x = A 0 x , x € D(A Q ) . 

Here note that A Q G € D{A 0 )' . Let H = W = L 2 (fl) x Hj(n) and 

V = Hj(fl)' x £>(^f 0 )’ where L 2 (ft) is taken as the pivoting space. If A is 

the associated generator on H with domain D(A) = Hj(fi) x L 2 (Q) , then 

V = D(A *)’ and by Hille-Yosida theorem A generates a strongly continuous 
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semigroup both on H and V , and thus hypothesis (HI) holds. Under 
appropriate conditions, it is shown in [18] that (H2) holds. However, (H3) is 
not satisfied in general unless Range(C*) C D(A ) . 

Motivated by this example, we consider the case when instead of (H3), 
the condition 


(H5) dim(Y) is finite 


is assumed, H = W , V = D(A*)' , and (H2) holds. Under (H5), we shall first 
show that Corollary 2.4 holds. Recall the statement (H2)' of Theorem 2.1. 


(5.10) 


S ’ S ' (T - • ) x II 4 bllxf 

•'MO.TjU) 11 "H 


for x €V' . 


Let us denote by R’S’(T — •) , the bounded extension of 
x€V'— S'S'(Y- )x€ L 2 (0,T;U) on H . Since C* € S(Y,H) and 
dim(Y) is finite, this implies that ||B'S'(T - -)C*||^ Y u) s Q uare integrable 
on [0,T] . Then for y e L 2 (0,T;Y) , 


(i* x y)(t) - (**y)x 

= R’S'(s -t) (J* X C* -C*)y(s)ds 
where J x = X(XI - A^)' 1 , X £ X Q . By (5.10), as X — - ® 

(5.11) (J- X C* -C*> | Lj(txu) 5 b|j- x C- - C*1 h - 0 
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and thus (E^y) — * (£*y)(t) strongly for each t € [0,T] . The desired result 
(Corollary 2.4) now follows from the dominated convergence theorem. 

Next, we shall show the following theorem which replaces the results in 
Section 3 under the assumption (H5)— instead of (H3), (H2), W = H , and 
V = £>U*)' . 

Theorem 5.1. The optimal solution u° to (3.1) is given by 

u° = -B'n(t) U(t,t n )x for xeH 
o 

n(t)x = f T 17*(T,s)C*a7(T,s)xds , x€H 

and suppose K(t) = B'n(t) and L(t) = C£/(T,t) , t ^ T , then 
K(-) e C s (0,T;£(H,Y) ) , where (7(t,s) is jointly continuous on 0 ^ s < t s T in 
H and is defined by 

U(t,s)x = S(t -s)x - f* S(t - a) BK(o) C/(o,s ) x da , x € H . 

J 8 

Moreover, ||L( • )^ ]|£(u y) ‘ s square integrable on [0,T] and 
K(t)x = f T (L(s)5)*L(s)xds , x€H . 

Proof: First note that if 


u X = -(I + r^r^rjM^x for x€H, 
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then for each x e H , u* converges strongly to u° as X — » « in 

‘o 

L 2 (t Q ,T;U) and the convergence is uniform in t Q € [0,T] (see Lemma 3.1). 
Thus, using arguments similar to those given in the proof of Theorem 3.3, one 
can show that the self-adjoint operator n(t Q ) , t Q S T on H , defined by 

n(t 0 ) x = S*(s - t 0 ) C* [(I + t tQ M tQ x] (s) ds , x € H , 

satisfies 

(5.12) <n(t 0 )x,x> = J T |C(7(T,s)x|j 2 ds , x€H 

*o Y 

where (t,s) — 1 ► U( t,s)x , x € H is continuous and satisfy 

(5.13) U{ t,t 0 )x = S(t-t 0 )x - J* S(t-o)flu°(o)do 

fc o 0 

From (H5) and (5.10) one can show that 

B ' n(t 0 ) x = 5'S'(s -t 0 )C*[(I + Z tQ r^)- 1 Mj o x](s)ds , x € H . 

Since for At » 0 , B 'S ' ( • - (t Q - At) )C* = B 'S ’( • - t Q )S(At)C* on [t 0 ,T] 

and t n — ► (I + Z. £* )* 1 M. x is strongly continuous for each x € H , this 
u 'o l o *o 

implies that K( ) e C s (0,T;f(H,U)) . 


(5.14) 


L(t 0 )x = CS(T-t 0 )x - J t T S(T-s)tf[(I + < 0 V l£ ; 0 V] (S)dS 
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where 


M t x = C S(- -t 0 )x € L 2 (0,T;Y) , x eH . 
Since dim(Y) is finite, say of dimension p , 


S’S’(- -t 0 )C*y = E y |gi (. -t 0 ) , y e W 

where y ; is the ith component of y and gj( ) is a U-valued square 
integrable function. Then, if ej denotes the ith unit vector in IR P , 

eJC J X S(T-t)Bu(t)dt = f <g.(T-t),u(t» u dt , 

*o *o 


and thus 


^t^ 11 = e 7 (#'S'(- - t 0 )C*)*u 

= <gj(- - t 0 ),u> for u € U . 

It then follows from (5.14) that L(t)£u is strongly measurable for each 
u e U and J|L( *)£||£(u Y ) is square integrable on [0,T] . 

Note that u x = -B ' J^n x (t)t/ X (t,t 0 )x for x € H (see (3.7)) where 

S'j;n x (t 0 )x - 8'S'(s-t 0 )j* x c‘[(I + * x 4)-‘\i](s)ds 


for x e H . Combining (5.11) and the argument in the proof of Lemma 3.1 
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with the fact that u X converges strongly to in L 2 (t Q ,T;U) , we obtain 

u° Q (t) = -K(t)C/(t,t 0 )x for x € H . 


The rest of the statements of Theorem 5.1 follow from (5.12), (5.13), and 
arguments similar to those given in Section 3. Q.E.D. 

Corollary 5.2. The functions t — *• K(t)x for x € H and t — * L(t)z for 

z € D h (A) are absolutely continuous on [0,T] and they satisfy the Chandrasekhar 

equations (3.23) and (3.24) with x € H and z € D^(A) . 

We remark that the optimal quadratic problem for boundary controls of 
linear symmetric hyperbolic systems discussed in [23] can be formulated as 
above and thus Theorem 5.1 and Corollary 5.2 apply to such a problem. By 

duality, a similar result holds for the case when H = V and W = D H {A) , 

(H3) holds, and dim(U) is finite. 
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5.3 Parabolic Systems [5], [8], [17] 

Consider the parabolic equation with Dirichlet boundary control: 


(5.15) 


a 

— y(t,0 = A 0 y(t,O , 5 eft 

y(0) = y 0 

y(t,o) = u(t,o) , a € r 


where A 0 , ft , and r are defined as in (5.8). If G is the Green map 
defined by (5.9), then (5.15) can be formulated as the evolution equation of 
( 2 . 1 ): 


d 

dt" x(t) = Ax( t) - /IGu(t) 


where x(t) = y(t, •) € L 2 (ft) , u(t) = u(t, •) € L 2 (r) and 

D(A) = Hj(ft) n H 2 (ft) . It is known [17] that A generates an analytic 

semigroup S(t) on H and that Gu € £>((-/4) a ) , 0 S a < 1/4 where 

(-A) a is the fractional operator of -A [20], [28]. 

Motivated by this example, we consider the following case [8]; W = H 
and V = D(A*)' , A generates an analytic semigroup on H , and B = -AG 
with Range(G) C D((-A) a ) , a > 0 . In this case, (H2) and (H3) are not 
satisfied. However, by the closed graph theorem, (-y4) a G — * £(U,H) and hence 


ll s «HI 


£(u,h)' 


M 

t i-« ’ 


t » 0 . 
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Thus, suppose C e E(H,Y) , by Young’s inequality 

t € Z(L 2 (t 0 ,T;U),L 2 (t 0 ,T;Y)) and the optimal u^ is given by 

u? = -(I + X* t. y 1 X* J lx, x € H . 

l 0 0 0 0 0 

Combining the arguments in [13] and those in [8], one can show that 

u° = — B'n(t)l/(t,t 0 )x 
c 0 

and 

(5.16) <n(t 0 )x,x> H = J T |C(/(T,s)| 2 ds 

l o 

where the evolution operator £/(•,•) is given by 

(5.17) (7(t,s)x = S(t - s)x - f S(t - o)BB'n(o)t/(o,s)xdo , x€H . 

J S 

Let K(t)x = £'n(t) for x € H and t $ T . It then follows from 

Proposition 3.1 in [8] that K(-) € C s (0,T;E(H,U) ) . Moreover, we have the 

following lemma. 

Lemma 5.3. There is a unique evolution operator of (5.17) satisfying 
(i) (t,s) — *• <7(t,s) is continuous on O^s^t^T 


(ii) \\u(t,s)B 


M 

* 

(t-s) 1 -* 


t > s 



47- 


Proof: Define a sequence of evolution operator t/ k (t,s) on 0 « s $ t $ T 

generated by 


C/ k+1 (t,s) = S(t-s) - J* S(t-o)fiK(o)C/ k (o,s)do 
with U 0 ( t,s) = 0 . 

If R k (t,s) = C/^t.sX-^) 1 '® for t > s , then 

R k+1 (t,s) = R x( t > s ) " f*S(t - o)BK(o)R k (o,s)xdo . 


By induction on 

k , one can show that 



(5.18) 

- u ^l < 

(cr(«)) k 
r(ka+ 1) 

(t - s) kof , k £ 0 

and 




(5.19) 

|| R k (t,s) - R^t.s)! 4 

(cr(a)) k 

r(k«) 

(t - s ) koe - 1 , k * 1 

where 





c = M 


max 

0«t«T 


I k(,) II £( h,u, 


and T( ) is the classical gamma function. Here we used the well-known 
identity: 
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J* (t - o) a - 1 (o - s) 0-1 do = (t - s) a+0 - x . 

The estimate (5.18) implies that the sequence £/ k (t,s) converges in norm 

uniformly on 0 1 s U 1 T and thus U( t,s) = lim C/ k (t,s) satisfies (5.17) and 
the statement (i). Suppose U( t,s) and U( t,s) satisfy (5.17). Then we have 


t/(t,s) - U( t,s)|| 


$ 


cf(q) 

r(«+ i) 


(t -s) a 


max ||c/(o, s) - £/(o,s)|| . 

8<0«t 


Hence, the uniqueness of solutions to (5.17) follows from the semigroup property 
of (/(•,•) • 

The estimate (5.19) implies that the sequence R k (t,s) converges 

uniformly in norm for 0 1 s 1 t - < * T and every € > 0 . As a 
consequence, R(t,s) = lim R k (t,s) , t > s is uniformly continuous in E(U,H) 
for 0 1 s U - €^T and every € > 0 . Moreover, 


||R(t,s)|| < E r(ka)- 1 (cr(a)) k (t-s) ka ' 1 

k=l 

^ E ^r(ka)" 1 (cr(a)) k T a ^ k ' 1 ^(t — s)®' 1 

k=l 

S M(t -s)®- 1 


For x € D((-A) 1 ~ a ) and y € H , 

<R(t,s)x,y> H = <(-^) 1 - a x,f/*(t,s)y> H , t * s . 
Since (-A) 1 ~ a is closed, this implies that 
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(5.20) U\ t,s)y € £>(M*) 1 -° t ) for y€H 

and that 


R(t ,s) = {/(t.sK-^) 1 '® . 


Thus, the statement (ii) follows from the closed graph theorem. Q.E.D. 

Now, from (5.16) and (5.20) arguments similar to those given in the 
proof of Theorem 3.6 yield 


T 

K(t) x = f Z?*L*(s) x ds , x eH 

J t 

where L(t)x = CC/(T,t)x , x € H and B* = -G V = (M) a G)*M*) 1_ “ . 


Lemma 5.4. The evolution operator U( t,s) defined by (5.17) satisfies 
U{ t,s) = S(t-s) - J* t/(t,o)5K(o)S(o-s)do 

J s 

on 0 « s « t < T . 


Proof: Define the evolution operator V by 

V(t,s) = S(t-s) - f‘ f7(t,o)BK(o)S(o-s)da 

•'s 
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for OSsStST. By (ii) of Lemma 5.3, (t,s) — * V(t,s) is continuous and 

from (5.17) 

V(t, s) = S(t-s) - J‘ js(t - a) - J‘s(t -T)BK(T)(/(r,o)dTjfiK(o)S(o-s)do 
where 


j‘ [ J^S(t -T)BK(T)[/(T,o)dTjBK(o)S(o-s)do 

= f‘s(t -T)BK(T) f T t/(T,o)5K(o)S(o -s)dodT . 

J s J s 


Thus, we obtain 


Y(t,s) = S(t-s) - J‘s(t -T)BK(T) js(T-s) - J t f/(T,o)BK(o)S(o-s)da 
= S(t-s) - j‘s(t -t)BK(t) V(T,s)dT . 


dt 


Since the solution of (5.17) is unique, this implies that f/(t,s) = V(t,s) on 
0 U (t a. Q.E.D. 

From Lemma 5.4, L(t) , t « T satisfies 


L(t) x = CS(T — t) x - f T L(s) BK(s) S(s — t) x , x€H . 

J t 

Note that L(t)£ = CU(T,t)B , t < T . Thus, for x € D(A) , t — L(t)x is 
continuously differentiable on [0,T) and satisfies 
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d 

— L(t)x = -L(t) (A -BK(t))x , x € D(A) . 
dt 

Hence, we obtain (compare it with the result in Sorine [26]). 

Theorem 5.5. The operators K() € C 8 (0,T;£(H,U) ) and L(-) 
satisfy the equations (3.23) and (3.24) in which t — * K(t)x 
t — * L(t)z , z € D(A) are continuously differentiable on [0,T] . 


C g (0,T;£(H,Y) ) 
x € H and 
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